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FeF3, with its half-filled Fe
3+ 3d orbital, hence zero orbital angular momentum and S = 5/2, is
often put forward as a prototypical highly-frustrated classical Heisenberg pyrochlore antiferromag-
net. By employing ab initio density functional theory (DFT), we obtain an effective spin Hamilto-
nian for this material. This Hamiltonian contains nearest-neighbor antiferromagnetic Heisenberg,
bi-quadratic and Dzyaloshinskii-Moriya interactions as dominant terms and we use Monte Carlo
simulations to investigate the nonzero temperature properties of this minimal model. We find that
upon decreasing temperature, the system passes through a Coulomb phase, composed of short-
range correlated coplanar states, before transforming into an “all-in/all-out” (AIAO) state via a
very weakly first order transition at a critical temperature Tc ≈ 22 K, in good agreement with the
experimental value for a reasonable set of Coulomb interaction U and Hund’s coupling JH describing
the material. Despite the transition being first order, the AIAO order parameter evolves below Tc
with a power-law behavior characterized by a pseudo “critical exponent” β ≈ 0.18 in accord with
experiment. We comment on the origin of this unusual β value.
PACS numbers: 71.15.Mb, 75.40.Mg, 75.10.Hk, 75.30.Gw
Systems with magnetic moments on the vertices of two-
and three-dimensional networks of corner-shared trian-
gles or tetrahedra and with predominant effective antifer-
romagnetic nearest-neighbor (n.n.) interactions have ten-
uous tendency towards conventional long-range magnetic
order [1, 2]. Consequently, the exotic low-temperature
properties of materials with such an architecture are ul-
timately dictated by the mutual competition of pertur-
bations beyond n.n. interactions [2].
One theoretically expects such highly-frustrated mag-
nets to ubiquitously display a Coulomb phase (CP) [3].
This is an emergent state with local constraints described
by a divergence-free “spin field” and whose defects, where
the constraints are violated, behave as effective charges
with Coulombic interactions. The CP and its underly-
ing gauge theory description provides an elegant setting
to study the effect of various perturbations [4] as well as
thermal and quantum fluctuations [5]. A telltale exper-
imental signature of a CP are bow-tie (“pinch points”)
singularities in the energy-integrated neutron scattering
intensity pattern [3, 11].
There is good evidence that the classical spin liquid
state of spin ice materials with discrete Ising spins may
be described by a CP [3, 7–9]. Unfortunately, there are
few, if any, materials with continuous symmetry spins
that display a CP, as may be signalled by pinch points
[11]. For example, in Y2Mo2O7, complex orbital effects
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[10, 11] and spin glass behavior [12, 13] irradicate the CP.
In the ZnCr2O4 spinel, pinch points are not observed
[14], likely because perturbations beyond n.n. interac-
tions and spin-lattice coupling eliminate them already at
high temperature in the paramagnetic state [4]. In this
letter we propose that FeF3, with magnetic Fe
3+ ions on
a pyrochlore network of corner-sharing tetrahedra, may
be a strong contender for a CP with Heisenberg spins.
With Fe3+ being a 3d S-state (spin-only) S = 5/2 ion,
single-ion anisotropy and anisotropic spin-spin interac-
tions should be small in FeF3, making it a good can-
didate material with predominant n.n. Heisenberg ex-
change. Neutron scattering and Mo¨ssbauer experiments
find long-range magnetic order below Tc ≈ 20+2−5 K [2, 16–
19]. Yet, the static magnetic susceptibility shows a de-
viation from the Curie-Weiss law even at 300 K, imply-
ing the existence of strong antiferromagnetic exchange
and short-range correlations extending up to tempera-
tures much higher than Tc [2] and thus a very high de-
gree of frustration [2, 20]. The ordered phase is an “all-
in/all-out” (AIAO) state [2] in which the Fe3+ magnetic
moments point from the corners to the centers (or vice
versa) of each tetrahedron (see Fig. 1a). Notably, neu-
tron diffraction experiments find a power-law growth of
the AIAO order parameter characterized by a “critical
exponent” β ∼ 0.18 [19]. This value differs significantly
from standard order-parameter exponents β ∼ 1/3 for
three-dimensional systems, which prompted the sugges-
tion of an underlying “new” universality class [19]. There
appears to have been no attempt to determine a realistic
spin Hamiltonian H for FeF3. In this paper, we em-
ploy density-functional theory (DFT) to flesh out such
H and use it to study the development of correlations
2upon approaching Tc and to explore the associated criti-
cal properties. By computing the energy of various spin
configurations and performing Monte Carlo simulations,
we expose a highly entropic coplanar (Coulombic) state
above Tc and its demise at T ≤ Tc against an energeti-
cally selected AIAO state along with replicating the un-
usual β ∼ 0.18 exponent.
(a) (b)
FIG. 1: (Color online): The structure of FeF3. Red (dark
grey) spheres denote the Fe3+ ions with their spin indicated
by a green arrow. The F− ions (not shown) are located at
the (shown) bents where bonds merge. (a) The AIAO state.
(b) A coplanar spin configuration (for clarity, a long-range
coplanar state is shown).
Spin Hamiltonian and DFT calculations − The classi-
cal spin Hamiltonian for FeF3 is given by
H = HH +Hb.q. +Hr +HDM +Hs.i.. (1)
HH =
∑
i>j Jij Si·Sj denotes the isotropic Heisenberg
term. Si and Sj are classical unit vectors represent-
ing the orientation of the magnetic moments at sites i
and j, respectively. We consider a distance-dependent
exchange Jij between Si and Sj , with first (J1), sec-
ond (J2) and two distinct third (J3a and J3b) n.n. [21].
Hb.q. =
∑
i>j Bij (Si·Sj)2 is the bi-quadratic interaction
with n.n. coupling B1. Hr =
∑
ijklK[(Si·Sj)(Sk·Sl) +
(Sj ·Sk)(Sl·Si) − (Si·Sk)(Sj ·Sl)] is the ring-exchange
interaction. The last two (anisotropic interaction)
terms, originating from spin-orbit coupling (SOC), are
the Dzyaloshinskii-Moriya (DM) interaction, HDM =
D
∑
〈i,j〉 Dˆij · (Si×Sj), and single-ion anisotropy Hs.i. =
∆
∑
i(Si · dˆi)2. Dˆij are the DM (unit) vectors deter-
mined according to the Moriya rules [7, 23]. The unit
vector dˆi denotes the single-ion easy-axis along the local
cubic [111] direction at site i.
We next use DFT to study the properties of FeF3. For
all computations, the experimental data for the conven-
tional cubic unit cell lattice parameter (10.325 A˚) and
position of the ions were used [16]. The DFT calcula-
tions were carried out with the full-potential linearized
augmented plane wave (FLAPW) method, employing the
Fleur code [31]. We used the local density approximation
(LDA) to account for the electron exchange-correlation.
Electron-electron interactions due to the on-site electron
repulsion U are taken into account using the LDA+U
method. The effective on-site Coulomb interaction, Ueff ,
is defined as Ueff = U−JH, where U is the bare Coulomb
repulsion and JH is the on-site ferromagnetic Hund’s ex-
change, which we set to 1.0 eV, a typical value in such
DFT calculations. Using a linear response approach [32],
we obtain Ueff ≈ 2.8 eV from the Quantum-Espresso
code [33]. The influence of Ueff on various properties
is discussed in the Supplementary Material (S.M.)[23].
The mininimum energy states possess a global continu-
ous O(3) degeneracy within LDA+U . However, incorpo-
rating the effect of SOC within LDA+U+SOC leads to
an AIAO configuration with spins along 〈111〉 as mini-
mum energy state. We find FeF3 to be an insulator with
a 1.04 eV band gap within LDA+SOC. The band gap
rises to 2.49 eV in LDA+U+SOC with Ueff = 2.8 eV.
We next determine the coupling constants of H us-
ing spin-polarized DFT calculations. For the first three
(isotropic) terms of Eq. (1), we use LDA+U to com-
pute the total energy difference between various mag-
netic configurations [23]. We assume that J3b [21] as
well as farther Heisenberg exchanges (Jm,m ≥ 4), and
bi-quadratic terms further than first n.n. (Bm,m ≥ 2)
are negligible. By matching the energy differences for
spin-polarized electronic states with that of H, we deter-
mine J1, J2, J3a and B1 [23]. To compute the anisotropic
DM (D) and single-ion (∆) couplings arising from SOC,
we use the LDA+U+SOC framework. We consider
non-collinear spin-polarized configurations, keeping the
isotropic terms of H unchanged [23]. The largest cou-
plings within LDA+U+SOC are (all in meV):
J1 = 32.7, J2 = 0.6, J3a = 0.5, B1 = 1.0, D = 0.6. (2)
The ring-exchange K and the single-ion coupling ∆ are
found to be smaller than 0.1 meV [23], so we henceforth
ignore them. The Curie-Weiss temperature, θCW, can
thus be estimated by θCW ∼ qJ1/3 ∼ 760 K, where q = 6
is the number of n.n. With θCW/Tc ∼ 38, we thus confirm
FeF3 to be a highly-frustrated antiferromagnet [2, 20].
Ground states and Monte Carlo simulations − Follow-
ing Refs. [34, 35], we find that mean-field theory predicts
AIAO order for H with the above {J1, J2, J3a, D} val-
ues and B1 ≡ 0. This is confirmed by MC simulations
when including B1 = 1.0 meV since (B1 > 0, D = 0)
stabilizes an O(3) symmetric AIAO state (see discussion
below). In the rest of the paper, we focus on the generic
aspects of the collective behavior of the system (such as
exponent β ∼ 0.18). While specific details (Tc, and the
Fe and F magnetic moments) depend on the value of
the (U, JH) parameters [23], we expect the overall collec-
tive properties to survive small adjustments of these pa-
rameters [23]. Therefore, to explore those generic facets,
we consider a minimal model Hamiltonian, Hmin, with
Hmin ≡ H(J1, B1, D, J2 = J3a = 0) with the (J1, B1, D)
values of Eq. (2).
The ground state of Hmin with (J1 > 0, B1 = D = 0),
is highly degenerate on the pyrochlore lattice [1, 35–37].
The ground state manifold consists of spin configurations
with vanishing total spin on each tetrahedron, with two
3 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.045  0.05  0.055  0.06  0.065  0.07  0.075
m
 
T
L=  4 
L=  6 
L=  8 
L=10 
0
0.3
0.6
0.7
0.06 0.07
U
m
T
0
0.5
1.0
1.5
-0.3 0 0.3 0.6 0.9
m
 L
β/ν
(T-TC)L
1/ν
FIG. 2: (Color online) main panel: variation of the AIAO
order parameter (m) versus temperature (in units of J1), for
lattices of linear size L = 4, 6, 8, 10. Top inset: Fourth order
Binder cumulant of m versus temperature, T (in units of J1),
for the same lattice sizes. Left inset: Finite size scaling of
m(t, L) with β = 0.18(2) and ν = 0.60(2).
continuous degrees of freedom per tetrahedron [23, 35–
37]. The minimum energy of Hmin with (J1 > 0, B1 >
0, D = 0) has a globally O(3) degenerate non-coplanar
AIAO spin configuration with an angle 109.47◦ between
each n.n. pair of spins [23]. Including D > 0 fixes the
spin directions within such a configuration to one of two
discrete AIAO states with spins along the cubic 〈111〉
directions [23]. With B1 = 0, direct DM interactions
(D > 0) also dictates an AIAO state [7]. The ground
state energy per spin [23] for the coplanar and AIAO
state is, respectively, ǫcoplanar = −J1 + B1 −
√
2D and
ǫAIAO = −J1 + B1/3 − 2
√
2D, showing that the ground
state is AIAO for all B1 > 0 and D > 0 values.
With (J1 > 0, B1 > 0, D = 0), Hmin displays for a
tetrahedron three saddle points in its energy landscape
which correspond to coplanar states [23]. In these states,
two out of four spins are antiparallel along a given axis
and perpendicular to the other axis along which the two
remaining spins are themselves aligned mutually antipar-
allel. The addition of D > 0 restricts the orientation of
the “coplanes” to be along the xz, xy or yz planes of the
cubic unit cell, depending on which pairs of spins are cho-
sen to be collinear [23]. There is an exponentially large
number of such coplanar states which provide an entropy
buffer above the critical temperature where the system
orders into AIAO. One such coplanar spin arrangement,
within the xz plane, is depicted in Fig. 1b.
We next performMonte Carlo simulations to gain some
insight into the finite temperature properties of Hmin.
We use standard single-spin Metropolis algorithm on lat-
tices consisting of N = 4×L3 spins, where L is the linear
dimension of the rhombohedral simulation cell. To ensure
thermal equilibrium, 106 Monte Carlo steps (MCS) per
spin were used for each temperature and 106 MCS for the
data collection. To reduce the correlation between mea-
surements, 10 to 20 MC sweeps were discarded between
successive data collection. To ascertain that our results
are fully thermally equilibrated and are not caused by
a two-phase coexistence, we started the simulation runs
from diffferent initial states, i.e totally disordered, AIAO
ordered and coplanar states and checked that all final
results remain the same.
Quantities of particular interest are the AIAO order
parameterm ≡ Σi,aSai · dˆa/N (dˆa is the local cubic [111]
direction for sublattice a) and the Binder fourth order cu-
mulant for both m and energy E, defined respectively as
Um(T ) ≡ 1− 13 〈m
4〉
〈m2〉2
and UE(T ) ≡ 1− 13 〈E
4〉
〈E2〉2
. Um van-
ishes in the paramagnetic phase, with a Gaussian prob-
ability distribution for m, while Um approaches 2/3 in
the ordered phase [9, 38, 39]. UE tends asymptotically
to 2/3 in both the ordered and paramagnetic phase while
reaching a minimum, UminE , near the transition [23].
The temperature dependence of m and Um is shown
in the main panel and top inset of Fig. (2). Both plots
indicate a narrow critical region around T ≈ 0.06. The
left inset in Fig. 2 shows the finite-size scaling of m for
different L according to the finite-size scaling behavior
m = L−β/νM(tL1/ν). Here t ≡ (Tc − T )/Tc is the re-
duced temperature, β is the order parameter exponent,
ν is the correlation length exponent and M is the scal-
ing function [9]. This analysis yields Tc/J1 = 0.0601(2),
β = 0.18(2) and ν = 0.60(2). With J1 = 32.7 meV =
379.47 K, we get Tc ≈ 22 K, in good agreement with
the experimental value [2, 16, 17, 19]. Perhaps most
noteworthy, the Monte Carlo exponent β ≈ 0.18 value
corresponds to that found in experiment [19]. While
these scaling arguments naively suggest that the tran-
sition is second order, it is instructive to consider the L
dependence of UminE which, for a first order transition, is
given by [9], UminE (L) = U
∗ + AL−d + O(L−2d) , with
U∗ < 2/3. Here d = 3 is the space dimension and A
is a constant. The precise linear fit of UminE (L)) versus
L−3, with U∗ = 0.666664(1), hence very close to 2/3,
that we find (see Fig. 13 in the S.M. [23]) suggests that
the transition might actually be very weakly first order.
To shed further light on the nature of the transi-
tion, we compute the probability distribution function
of the order parameter per tetrahedron, P (mn), with
mn ≡ Σ4a=1Sa · dˆa. We also compute the probability dis-
tribution function of two distinct four-spin correlations
within each tetrahedron, P (R) and P (R˜), with
R ≡ (S1 · S2)(S3 · S4) + (S1 · S3)(S2 · S4) + (S1 · S4)(S2 · S3),
R˜ ≡ |(S1 · S2)(S3 · S4)− (S1 · S3)(S2 · S4) + (S1 · S4)(S2 · S3)|.
Figures 3a, 3b and 3c show P (mn), P (R) and P (R˜) ver-
sus T for L = 10. P (mn) is a Gaussian centered at
mn = 0 for T ≫ Tc. As T decreases, P (mn) deviates
from a Gaussian near Tc, developing four peaks with
mn 6= 0 for T . Tc. Well below the transition, only
two peaks at |mn| ≈ 4 remain, corresponding to almost
perfect AIAO order. The peculiar temperature evolu-
tion of P (mn) suggests that another state coexists or
competes with the AIAO state near Tc. The nature of
this other state can be clarified by considering P (R) and
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FIG. 3: (Color online) Top row: Probability distribution functions, P (mn), P (R) and P (R˜), as a function of temperature T
and for a lattice of linear size L = 10. The inset of panel (b) shows the T dependence of 〈R〉, which displays a sharp drop
at Tc ≈ 0.06, a further indication for the discontinuous nature of the transition. Bottom row: Temperature evolution of the
neutron structure factor, S(q), in the (hhl) plane as T approaches Tc from the paramagnetic phase. The arrows indicate the
location of pinch points for the T = 0.1 and T = 0.08 panels (see text).
P (R˜) in Figs. 3b and 3c, respectively. Two peaks arise
in P (R) at T & Tc; one at R ≈ 1/3 and another at R ≈ 1
(see panel 3b). The former corresponds to an AIAO spin
configuration for which (Sa · Sb) = − 13 at T ≪ J1 for
two n.n. spins. The peak at R = 1 is consistent with
coplanar states as deduced from Eq. (20). Considering
P (R˜) in Fig. 3c, one observes a peak at R˜ ≈ 1 near
Tc. One can easily show [23] that the two equations for
R = 1/3 and R˜ = 1 have no common solution for a zero
net spin/moment on a tetrahedron. Therefore, an AIAO
state does not produce the peak at R˜ ≈ 1, which must
therefore originate from the competing state. One can
show that Eqs. (20) for R = 1 and R˜ = 1 admit three so-
lutions [23], which are precisely the xy, xz and yz copla-
nar states discussed above. The “competing state” at
T & Tc is therefore short-range coplanar, as illustrated
further in the S.M. [23], is divergence-free in the “spin
field” and should thus be viewed as a CP [3]. To expose
further the CP nature of the state at T & Tc, we compute
the neutron structure factor S(q) (second row of Fig.
3) in the (hhl) scattering plane as a function of T . At
T = 0.1, clear pinch points (marked by arrows) are visi-
ble. Some of these pinch points (solid arrows) turn into
magnetic Bragg preaks (T ∼ 0.06) while others (dashed
arrows) become mere weak diffuse spots (forbiden Bragg
peaks [23]) upon going through the transition to AIAO
order at Tc (see T = 0.08, T = 0.07 and T = 0.06 panels
in bottom row of Fig. 3).
Conclusion − Using DFT, we determined the pre-
dominant couplings of the spin Hamiltonian of the
FeF3 pyrochlore Heisenberg antiferromagnet. We
find that bi-quadratic exchange and anisotropic direct
Dzyaloshinskii-Moriya interactions conspire to select an
all-in/all-out ground state. Monte Carlo simulations
find a transition to that state at a critical temperature
Tc ≈ 22 K, in good agreement with experiments. The
transition is characterized by an order parameter pseudo
“critical exponent” β ≈ 0.18, that is also in agreement
with experiment. We view this exponent not as signalling
an unusual universality class, but rather as an effective
power-law parametrization near a very weakly first or-
der transition, perhaps near a mean-field tricritical point
for which β = 1/4 (up to logarithmic correction because
three-dimensions is the upper critical dimension for tri-
critical behavior [41]). Indeed, forD/J1 . 0.01, the tran-
sition is found to be strongly first order while it is second
order and in the three-dimensional Ising universality class
for D/J1 & 0.1 [42]. We find the state above Tc to be
composed of entropically favored coplanar states without
long-range magnetic order and thus a Coulomb phase [3].
We hope that our study will motivate a new generation
of experiments on FeF3, perhaps even on single-crystal
samples, which we would anticipate on the basis of our
work to display interesting properties heretofore unex-
posed in highly frustrated Heisenberg pyrochlore antifer-
romagnets.
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Supplemental Material
In this Supplemental Material, we present details to as-
sist the reader with the main part of the paper. Section
I provides detailed information as to how the interaction
parameters of the spin Hamiltonian, H in Eq. (1) in the
paper, were determined from the density functional the-
ory (DFT) calculations. Section II briefly discusses the
question of quantum fluctuations of the Fe moments in
FeF3 and also the dependence of the magnetic moments
of the Fe and F ions on the choice of the muffin-tin radius.
Section III explores how the properties of the system de-
pend on the effective Coulomb interaction, Ueff . Section
IV discusses the nature of the energy landscape of the
bi-quadratic part of the spin Hamiltonian and how it dis-
plays a saddle point. Section V describes the orientation
of the Dzyaloshinskii-Moriya (DM) vectors. Section VI
shows the finite-size evolution of the energy Binder cu-
mulant, UE , referred to in the main text. In Section
VII, we present a complementary proof to the one pre-
sented in the main text in favor of the existence coplanar
states above the transition point. Section VIII discusses
the details of the neutron structure function calculations
reported in the main text.
I. AB INITIO DERIVATION OF THE SPIN
HAMILTONIAN FOR THE PYROCHLORE-FeF3
To derive the spin Hamiltonian, we compute the en-
ergy difference between some chosen magnetic configu-
rations using the LDA and LDA+U methods. In the
following subsections, we illustrate the method for the
derivation of the isotropic, i.e. Heisenberg, 4-spin ring
and bi-quadratic exchanges, as well as the anisotropic
terms such as the DM and the single-ion interactions.
A. Technical Details
To compute the Heisenberg exchange couplings, we use
a super-cell containing 16 Fe and 48 F atoms (see Fig.
5), while for the 4-spin ring, bi-quadratic, single-ion and
the DM coupling constants, we use the primitive cell of
pyrochlore-FeF3, which contains 4 Fe atoms.
A muffin-tin radius of 2.2 (au) and 1.35 (au) is used
for the Fe and F ions, respectively. The cut-off wave-
vector kmax= 3.8 au
−1 is taken for the expansion of the
wave function in the interstitial region and 64 k-points
are picked up for performing the Brillouin zone integra-
tion. Although the magnetic moment of F is much less
than Fe (see Section II), we find that choosing the direc-
tion of the fluorine magnetic moments plays a crucial role
in the minimization of the total energy. Our calculations
show that for a fixed direction of the Fe magnetic mo-
ments, the direction of a given fluorine moment in a Fe-
F-Fe bond is uniquely determined as µ̂F ‖ (µ̂Fe1 + µ̂Fe2),
where µ̂Fe1 , µ̂Fe2 are the magnetic moment directors of
the two neighboring Fe ions. As an example, choosing
a direction perpendicular to the optimized direction, in-
creases the total energy by about 14 meV per Fe ion.
B. Spin Hamiltonian parameters
1. 4-spin ring exchange
We begin with the calculation of the 4-spin ring-
exchange (K). To proceed, we compare the energy of
three collinear configurations within each tetrahedron.
We use ni = ±1 to indicate the direction of the magnetic
moment of the ion at site i, along an arbitrary direc-
tion (say the z-axis). The configurations are chosen as
C1 ≡ {n1 = n2 = n3 = n4 = 1}, C2 ≡ {n1 = n2 =
1, n3 = n4 = −1}, C3 ≡ {n1 = −1, n2 = n3 = n4 = 1}.
The total energy differences (per primitive cell) between
these configurations are
E1 − E2 = 16J1 + 32J2
E1 − E3 = 12J1 + 24J2 + 9K, (3)
where E1, E2 and E3 is the total energy of C1, C2 and
C3 configuration, respectively. These equations yield
(E1 − E2)− 4
3
(E1 − E3) = −12K. (4)
Our calculation within LDA gives K ∼ 0.1 meV. How-
ever, LDA+U with Ueff = 2.8 eV gives an even smaller
value forK. We therefore ignore the 4-spin ring-exchange
term in the rest of our calculations.
2. Heisenberg exchange parameters
The site-connectivity for the Heisenberg couplings J1,
J2, J3a and J3b is illustrated in Fig. 4. Taking the
collinear spin configurations, A, B, C and D illustrated in
Fig. 5, one can show that the bi-quadratic term does not
affect the energy differences, and therefore the only con-
tributions to the total energy differences between these
configurations come solely from the Heisenberg terms.
Invoking the spin configurations in Fig. 5, we obtain the
following expressions for the total energy (per super-cell)
of each configuration:
7FIG. 4: The Heisenberg interactions J1, J2, J3a and J3b in
pyrochlore FeF3. The red spheres represent the Fe
3+ ions.
The F− ions (not shown) are located at the bent crossings of
the Fe-F-Fe (purple) bonds.
EA = 48J1 + 96J2 + 48J3,a + 48J3,b (5)
EB = 24J1
EC = 48J3,a + 48J3,b
ED = 12J1 − 16J2 − 8J3,a − 8J3,b.
LDA+U calculations with Ueff = 2.8 eV result in the
energy differences EA − EB = 866.4 meV, EA − EC =
1627.9 meV, and EA − ED = 1274.9 meV, from which,
assuming J3,b ≪ J3,a, we get J1 = 32.7 meV, J2 = 0.6
meV and J3,a = 0.5 meV.
3. bi-quadratic term
To calculate the nearest-neighbor bi-quadratic cou-
pling B1, we seek magnetic configurations that are en-
ergetically degenerate in terms of the Heisenberg inter-
actions, that is in the absence of spin-orbit correction.
A systematic way of generating such configurations is
as follows. The direction of the magnetic moments can
be characterized by polar and azimuthal angles θ and
φ, respectively. Starting from an all-in/all-out configu-
ration, we choose two Fe ions on a tetrahedron and ro-
tate the direction of their magnetic moment according
to θ′1,2 = θ1,2 + δ, φ
′
1,2 = φ1,2 − 2δ. For the remaining
two Fe ions, we do the same but change the sign of δ,
A B
C D
FIG. 5: The four collinear magnetic moment configurations
(A, B, C and D) to derive the Heisenberg exchange interac-
tions J1, J2, J3a. The direction of magnetic moments are by
the green arrows.
θ′3,4 = θ3,4 − δ, φ′3,4 = φ3,4 + 2δ. In this way, the vector
sum of the magnetic moments remains equal to zero un-
der this rotation. The contribution from the Heisenberg
terms remaining unchanged by this rotation, the only
contributions to the variation of the total energy come
from the other isotropic terms within LDA and LDA+U
(the anisotropic terms do not play any role because the
spin-orbit coupling is not yet considered at this point).
Ignoring the ring-exchange, K, and fitting the energy
variations (obtained by LDA+U with Ueff = 2.8 eV),
versus δ (shown in Fig. 6), we find the nearest-neighbor
bi-quadratic coupling B1 ≈ 1.0 meV.
4. Single-ion and Dzyaloshinskii-Moriya terms
Proceeding along, in order to derive the magnitude D
of the DM interaction, we require magnetic configura-
tions for which the full O(3) isotropic part of the Hamil-
tonian, HH +Hb.q. +Hr, remains unchanged.
In the absence of spin-orbit coupling (SOC), a uni-
form rotation of all magnetic moments does not change
the total energy due to the O(3) symmetry of the non-
relativistic part (see main text). However, including
the spin-orbit correction to the ab initio calculations
(LDA+U+SOC), lifts the rotational symmetry. We start
from an all-in (all-out) configuration and rotate all the
magnetic moments uniformly by an angle φ around the
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FIG. 6: Total energy difference (within LDA+U) between all-
in/all-out configuration and the configurations with the condi-
tion of zero total zero moment, Stot = 0, on each tetrahedron.
δ denotes the amount of rotation of spins in each configura-
tion within a tetrahedron with respect to the all-in/all-out
state (θ′1,2 = θ1,2 + δ, φ
′
1,2 = φ1,2 − 2δ, δ, θ
′
3,4 = θ3,4 − δ,
φ′3,4 = φ3,4 + 2δ). The dash line shows the fitting to the data
using the bi-quadratic term of the Hamiltonian Hb.q..
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FIG. 7: Total energy difference (within LDA+U) between the
all-in/all-out configuration and the corresponding rotated one
by the azimuthal angle φ. The dash line shows the fitting to
the data using the DM term in the Hamiltonian, HDM.
global z-axis. Fitting the symmetry breaking relativis-
tic corrections, HDM +Hs.i., to the computational total
DFT energy (taking Ueff = 2.8 eV) versus φ (see Fig. 7),
enables us to obtain D ≈ 0.6 meV and ∆ ∼ 0.0 for the
DM and single-ion couplings, respectively.
II. QUANTUM FLUCTUATIONS AND Fe & F
MAGNETIC MOMENTS
Hybridization between Fe d-orbitals and F p-orbitals
changes the formal ionization state of the Fe and F atoms.
This covalency effect [1] results in a weak magnetic mo-
ment for F (µF ≈ 0.16 µB within the muffin-tin sphere)
along with a magnetic moment smaller than the full 5
µB ionic value for Fe
3+ (µFe ≈ 4.2 µB in the muffin-
tin sphere). The experimentally observed Fe long-ranged
ordered moment is 3.32(7) µB [2], presumably reduced
from the 4.2 µB LDA+U value by quantum fluctuations
[3]. which can remain sizeable for perturbatively small
terms in H beyond the nearest-neighbor exchange J1 [3].
The small 0.16 µB F moments would be further reduced
by the quantum fluctuations of the Fe moments to which
they are is enslaved to.
To the best of our knowledge, the local magnetic mo-
ment (∼ 0.16 µB) on the F ion in FeF3 has not been
measured experimentally. In part, this may be because
the number of experimental studies carried out on this
material has remained few until now, and it is a key pur-
pose of our work to motivate new investigations of this
compound. Perhaps Fluorine (19F) nuclear magnetic res-
onance (NMR) could shed light on the existence of a local
moment on F (see Ref. [1]). As an example of the mea-
surement of the magnetic moments on anion (ligand) in a
transition-metal compound, we note that an oxygen (O)
magnetic moment of 0.14µB in CuO has been experimen-
tally detected [4].
That being said, one would expect the Fe and F mag-
netic moments calculated within the LDA+U method to
be reduced under the quantum spin fluctuations of the
Fe moments not included within LDA+U . For example,
the experimentally observed value (via neutron scattering
[2]) of the Fe magnetic moment is 3.32(7) µB while the
calculated LDA+U value is ∼ 4.2 µB. One could quite
naturally ascribe such a significant reduction of 20% of
the ordered moment to quantum fluctuations of the Fe
magnetic moments away from the all-in/all-out ground
state as we now explain.
Because of its broken global discrete symmetry na-
ture, the all-in/all-out (AIAO) ground state stabilized
by the Dzyaloshinskii-Moriya (DM) interactions would
have all magnetic excitations gapped throughout the
Brillouin zone and one would therefore naively expect
the zero point (quantum) fluctuations to be quite small.
However, because of the two completely flat zero-energy
branches of magnons (zero frequency modes) associated
with the original pure Heisenberg pyrochlore antiferro-
magnet model [3] describing this material, which then
become gapped and weakly dispersive once the DM inter-
actions are included, quantum fluctuations need not be
negligible. For example, a calculation of such quantum
fluctuations was carried out for the pyrochlore Heisen-
berg antiferromagnet with additional perturbative long-
range dipolar interactions which also stabilize a broken
discrete symmetry ground state [3]. A calculation of the
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could be carried out once an accurate experimental de-
termination of the exchange constants and the DM inter-
action has been achieved (for example from an inelastic
neutron scattering measurement of the spin wave disper-
sion below the Ne´el temperature). As for the F ions, the
calculated magnetic moment within LDA+U is already
quite small (∼ 0.16 µB) and might be difficult to detect
experimentally, even more so once it is further reduced
by quantum fluctuations since the F ions are tied to the
Fe ions and their quantum dynamics.
In the linear augmented plane wave (LAPW) method,
the computed magnetic moments depend on the choice
of the radius of the muffin-tin (RMT) sphere. Here we in-
vestigate this dependency for the Fe magnetic moments,
within LDA+U+SOC for the AIAO spin configuration.
We show that varying RMT of the Fe ions from 2.2 to
1.8 a.u., results in a slight decrease of the Fe magnetic
moments from 4.24 to 4.07µB (see Table I). Therefore,
the value of RMT does not have a major effect on the Fe
magnetic moment in FeF3. Hence one would still need to
account for the quantum fluctuations to fill the gap be-
tween the DFT values of MFe and the experimental one.
It has to be noticed that to maintain a good accuracy
in the calculations, we have to enlarge the Kmax when
decreasing RMT, which we have done.
TABLE I: Dependence of the Fe magnetic moment on muffin-
tin radius (RMT) within LDA+U+SOC.
RMT (a.u.) MFe (µB)
1.8 4.07
1.9 4.12
2.0 4.17
2.1 4.21
2.2 4.24
We now compare the results obtained using the gen-
eralized gradient approximation (GGA) with those ob-
tained by LDA. For the AIAO configuration, the LDA
magnetic moment of Fe is found to be ∼ 4.03 µB. Using
GGA for the exchange-correlation functional, the mag-
netic moment of Fe is determined to be ∼ 4.13 µB. For
this calculation we chose (Perdew-Burke-Ernzerhof) PBE
functional [5]. Hence the usage of the GGA does not re-
sult in a significantly different Fe magnetic moment com-
pared to LDA.
III. DEPENDENCE OF THE RESULTS ON U , JH
AND Ueff
To investigate the robustness of the results presented
in the main text upon changing the values of the on-site
Coulomb interaction U , the Hund’s exchange JH and the
effective Coulomb interaction Ueff ≡ U − JH, we per-
formed further DFT calculations by choosing different
values of these parameters. First we should mention that
in the DFT scheme we used, U and JH, enters separately
in the energy functional of LDA+U. Hence, we start with
the fixed value Ueff = 2.8 eV and change the values of JH
and U accordingly. The resulting couplings of the spin
Hamiltonian as well as the Fe magnetic moment within
the muffin-tin sphere, for JH = 0.5, 0.75, 1.0 and 1.25 eV,
are given in Table. II. It is evident from this table that
the results are robust against the variation of JH, pro-
vided that the effective Coulomb interaction Ueff remains
constant. We should mention, however, that such inde-
pendence of the microscopic quantities with Ueff = U−JH
kept constant as U and JH are independently varied is
not found in all systems. For example, consider Fig. 2 in
Ref. [6] in which the magnetocrystalline anisotropy en-
ergy (MCAE) of FeF2 is computed for fixed Ueff while
two pairs of U and JH values are used; U = 6.0 eV and
JH = 1.2 eV and U = 5.0 eV and JH = 0.2 eV, which
both give Ueff = 4.8 eV. The pair (U = 6, JH = 1.2)
gives the correct experimentally measured MCAE while
the pair (U = 5 and JH = 0.2) gives a completely dif-
ferent and therefore incorrect MCAE in comparison with
experiment.
Next, we proceed to check the dependence of the re-
sults upon a variation of Ueff . For this purpose we used
Ueff = 4.0 eV (i.e. U = 5 and JH = 1.0) and 6.0 eV
(i.e. U = 7 and JH = 1.0) in addition to the value 2.8
eV obtained by the linear response approach (see text
in main paper). The computed parameters are listed in
Table. III. These show that the results are quite sen-
sitive to Ueff , in a sense that J1, D and B decrease by
increasing the value of effective on-site Coulomb inter-
action Ueff . For completeness the Monte Carlo results
of the Hamiltonians obtained for Ueff = 4.0 and 6.0 eV
are presented in Figs. 8 and 9, respectively. One sees
from Figs. 8a and 9a that, as the transition tempera-
ture is decreased by increasing Ueff , the discontinuous
nature of the transition becomes more pronounced. This
is consistent with the statement made in the main text
that has D/J1 is decreased, and the system approaches
the isotropic Heisenberg antiferromagnet limit, the tran-
sitions become progressively more strongly first order.
The probability distributions for the AIAO order pa-
rameter mn (Figs. 8b and 9b) and the distribution func-
tion for the four spin correlation R, P (R) in (Figs. 8c
and 9c), confirm that the general picture of coexisting
AIAO and co-planar states in the vicinity of the transi-
tion point, discussed in the main body of the letter, is
still operating and, therefore, does not hinge on a precise
choice of Ueff .
IV. ENERGY LANDSCAPE FOR A SINGLE
TETRAHEDRON
In this section, we compute the classical ground state
energy of the AIAO and coplanar states. We consider
four classical spins residing on the corners of a sin-
gle tetrahedron, interacting via a Hamiltonian H that
includes the antiferromagnetic Heisenberg, bi-quadratic
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TABLE II: Parameters obtained from ab intio calculations (LDA+U) with different values of JH , and constant Ueff = 2.8 eV.
J1, J2 and J3a are the first, second and third neighbor exchange interactions, respectively. B1 and D denote the bi-quadratic
and Dzyaloshinskii-Moriya couplings, respectively. MFe is the magnetic moment of the Fe ion in the muffin-tin sphere.
JH (eV) U (eV) J1 (meV) J2 (meV) J3a (meV) B1 (meV) D (meV) MFe (µB)
0.5 3.30 32.484 0.590 0.541 0.967 0.567 4.244
0.75 3.55 32.607 0.591 0.541 0.961 0.570 4.244
1.00 3.80 32.731 0.592 0.540 0.954 0.573 4.243
1.25 4.05 32.861 0.592 0.541 0.948 0.576 4.243
TABLE III: Parameters of the spin Hamiltonian obtained by ab intio calculations (LDA+U) using Ueff = 2.8, 4.0, 6.0 eV. The
last column shows the transition temperatures obtained from Monte Carlo simulations for a system size with N = 4× 63
Ueff(eV) J1 (meV) D/J1 J2/J1 J3a/J1 B1/J1 Tc (K)
2.8 32.7 0.018 0.018 0.015 0.030 ∼ 22
4.0 27.4 0.011 0.018 0.010 0.018 ∼ 11.5
6.0 20.9 0.005 0.014 0.010 0.010 ∼ 4.2
and DM interactions.
H = HH +Hb.q. +HDM. (6)
The first term has a highly degenerate ground state man-
ifold characterized by the two angles θ and φ as shown in
Fig. 10. Choosing the z-axis along S3 + S4 (the dashed
line in Fig. 10), we can parametrize the spins within a
tetrahedron by θ and φ
S1 = (− cos θ
2
, 0, sin
θ
2
)
S2 = (cos
θ
2
, 0, sin
θ
2
)
S3 = (cos
θ
2
cosφ, cos
θ
2
sinφ,− sin θ
2
)
S4 = (− cos θ
2
cosφ,− cos θ
2
sinφ,− sin θ
2
). (7)
The above relations enable us to write the bi-quadratic
term as follows:
Hb.q. = B1 ·Q, (8)
in which
Q ≡
∑
<i,j>
(Si · Sj)2 (9)
= 1− 2 sin2 φ cos θ + (3 + cos2 φ) cos2 θ + cos2 φ.
The quantity Q as a function of θ and φ, depicted in
Fig. 11, shows a minimum at φ = pi2 , θ = cos
−1(1/3)
with value Q = 2/3. This means that the ground state
configuration corresponds to a non-coplanar state with
an angle of 109.47◦ between each pair of spins. In this
configuration, the plane of each pair is perpendicular to
the plane of the other two spins. The O3 symmetry of
the bi-quadratic interaction offers the freedom to rotate
this configuration by any arbitrary angle. However, it
can be easily seen that the direct DM interaction selects
the orientation in which the spins are aligned along the
vectors connecting the corners to the center of the tetra-
hedron, the so called all-in/all-out (AIAO) configuration
[7].
Crucially, Fig. 11 shows three saddle points for Q at
{φ = 0, θ = pi2 }, {φ = π, θ = pi2 } and {φ = π/2, θ = 0}.
These saddle points correspond to the coplanar states
discussed in the main body of the paper. There are three
independent choices for constructing such a state. De-
pending on which two spins are considered to be collinear,
the DM interaction restricts the spins to be in one of the
xy, xz or yz planes. To show this, first assume S1 = −S2
, S3 = −S4 and S1 ⊥ S3. Then, using Eqs. (17) below,
we find for the DM term
∑
ij
Dij · (Si × Sj) (10)
= (D13 +D24 −D14 −D23) · (S1 × S3)
= −2
√
2eˆx · (S1 × S3).
From this, the minimum energy condition requires that
S1 and S3 lay in the yz-plane in such a way that their
cross product gives ex. If we choose S1 = −S3 , S2 =
−S4 and S1 ⊥ S2, we find
∑
ij
Dij · (Si × Sj) (11)
= (D12 −D14 +D23 +D34) · (S1 × S2)
= 2
√
2eˆy · (S1 × S2).
From this, we find that S1 and S2 lay in the xz-plane in
such a way that their cross product gives −ey. Finally,
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taking S1 = −S4, S2 = −S3 and S1 ⊥ S2, we get∑
ij
Dij · (Si × Sj) (12)
(D12 −D13 +D24 −D34) · (S1 × S2)
2
√
2eˆz · (S1 × S2),
which implies that S1 and S2 lay in the xy-plane in such
a way that their cross product gives −ez.
The above arguments lead us to the following expres-
sions for the energy per spin of the coplanar and all-
in/all-out (AIAO) states, ǫcoplanar and ǫAIAO, respec-
tively, for each tetrahedron
ǫcoplanar = −J1 +B1 −D
√
2 (13)
ǫAIAO = −J1 +B1/3− 2D
√
2, (14)
hence we have
ǫcoplanar − ǫAIAO = (2B1
3
+D
√
2) > 0, (15)
that is the ground state is AIAO for all B1 > 0 and
D > 0.
V. DZYALOSHINSKII-MORIYA (DM)
VECTORS
The following minimal spin Hamiltonian, Hmin, is con-
sidered in the main part of the paper:
Hmin = J1
∑
<i,j>
∑
a,b
Sai · Sbj (16)
+ B1
∑
<i,j>
∑
a,b
(Sai · Sbj )2
+ D
∑
<i,j>
D
ij
ab · (Sai × Sbj ),
in which the moment Si is a classical unit vector, J1 > 0
is the nearest-neighbor antiferromagnetic exchange in-
teraction, B1 > 0 is the nearest-neighbor bi-quadratic
interaction while the last term is the anisotropic DM in-
teraction. i, j = 1 · ·N and a, b = 1, 2, 3, 4 denote the
Bravais lattice and sub-lattice indices, respectively and
〈i, j〉 means the nearest-neighbor lattice sites. Consider-
ing a single tetrahedron, the plane which contains two
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FIG. 10: A ground state configuration of four classical spins
on a tetrahedron and coupled by antiferromagnetic Heisen-
berg interaction.
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FIG. 11: Energy landscape function Q of the bi-quadratic
part of H alone, Hb.q. = B1Q(θ, φ), in terms of θ and φ.
neighboring lattice points and the middle-point of the
opposite bond in the tetrahedron is a mirror plane. Ap-
plying Moriya’s rules [8] implies that the D vector can
only be perpendicular to this mirror plane or, equiva-
lently, parallel to the opposite bond. Therefore, Dijab’s
represent the vectors along the six directions given by:
FIG. 12: Orientation of the DM vectors for a single tetrahe-
dron.
D12 =
D√
2
(0, 1, 1)
D13 =
D√
2
(−1, 0,−1)
D14 =
D√
2
(1,−1, 0)
D23 =
D√
2
(1, 1, 0)
D24 =
D√
2
(−1, 0, 1)
D34 =
D√
2
(0, 1,−1) (17)
The orientation of the DM vectors is illustrated in Fig.
12.
There are therefore two possible values for the DM in-
teractions between two nearest-neighbor sites and which
correspond to the two directions for the D vector (and
keeping the same order for the cross product Sai × Sbj ),
the “direct” DM interaction for D > 0 and the “indi-
rect” one for D < 0 (Ref. [7]). For FeF3, we find from
ab initio DFT calculations that D > 0 and that the DM
interaction is therefore of the direct type.
VI. ENERGY BINDER RATIO
The energy Binder ratio, UE(T ), was employed in the
Monte Carlo simulations to assess the order of the tran-
sition to the AIAO long-range ordered state. UE(T ) is
defined as
UE(T ) ≡ 1− 1
3
〈E4〉
〈E2〉2 . (18)
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FIG. 13: Main panel: scaling of the minimum of the Binder’s
fourth cumulant of energy, UminE (L) versus 1/L
3. Inset: vari-
ation of UE versus temperature, T (in units of J1), for lattices
of linear size L = 4, 6, 8, 10.
UE tends asymptotically to 2/3 in both the ordered and
paramagnetic phase while reaching a minimum, UminE (L),
in the region near the transition point. For a first order
transition, the finite-size scaling of UminE (L) is given by
[9]
UminE (L) = U
∗ +AL−d +O(L−2d), (19)
with U∗ < 2/3 and where d = 3 is the space dimension
and A is a constant. Figure 13, which illustrates a precise
linear fit of UminE (L) versus L
−3 with U∗ = 0.666664(1),
hence very close to 2/3, suggests that the transition
might actually be very weakly first order [9].
VII. VERIFICATION OF THE COPLANAR
CORRELATIONS ABOVE Tc
In this section, we present further evidence for the ex-
istence short range coplanar correlations above Tc. In
the main text we introduced a quantity R, defined as
R ≡ (S1 ·S2)(S3 ·S4)+(S1 ·S3)(S2 ·S4)+(S1 ·S4)(S2 ·S3),
(20)
whose probability distribution function (PDF) has a peak
atR ≈ 1 above Tc. To assess whether this peak solely cor-
responds to coplanar states, we introduce another quan-
tity, R˜, which is independent of R, and is defined within
each tetrahedron as follows
R˜ ≡ |(S1·S2)(S3·S4)−(S1·S3)(S2·S4)+(S1·S4)(S2·S3)|.
(21)
For T ≪ J1, it is highly probable that the spins within a
tetrahedron are in a configuration for which
∑4
i=1 Si ≈
0. We can then use the spin parametrisation in terms
of the two internal (angular) degrees of freedom given
by Eq. (7). Substituting for the spins from Eq. (7) in
Eqs. (20) and (21), we obtain the following two equations
R =
1
2
[
1− 2 sin2 φ cos θ + (3 + cos2 φ) cos2 θ + cos2 φ
]
,
R˜ = |1− sin2 θ(1 + cosφ)|. (22)
The PDF of R˜ (P (R˜)) for L = 10, shown in Fig. 3c in
the main text, displays a peak near R˜ = 1 above Tc. For
an AIAO state, the values of the two above quantities are
R = 1/3 and R˜ = 1/9. It is easy to show that the two
equations R = 1/3 and R˜ = 1 have no common solutions
in terms of θ and φ and, therefore the AIAO state has
no contribution causing a peak at R˜ = 1. This allows
us to conclude that the states giving rise to R = 1 are
the same as those contributing in the peak corresponding
to R˜ = 1. This then leaves us with the two equations
(R = 1; R˜ = 1), which have the three common solutions
{(φ = π); (θ = pi2 )}, {(φ = π/2); (θ = 0)} and {(φ =
0); (θ = pi2 )}. This argument evidently proves that the
states coexisting with the AIAO states above Tc are the
coplanar xy, xz and yz spin configurations discussed in
Sec. IV.
VIII. NEUTRON SCATTERING STRUCTURE
FUNCTION
In this section, we calculate the neutron scattering
structure function defined as
S(q) =
∑
i,µ;j,ν
〈S⊥i,µ · S⊥j,ν〉 exp[iq · (Ri,µ −Rj,ν)], (23)
where q is the wave-vector transfer of the scattered neu-
tron, S⊥i,µ = Si,µ− (Si,µ·q)(q·q) q is the component of the spin
Si,µ, perpendicular to q and 〈· · · 〉 denotes the thermal
averaging. Ri,µ = Ti + dµ is the position of each of
the four spins µ = 1, 2, 3, 4 in the tetrahedron unit cell
i = 1 · · ·Ncell , where Ti’s are the set of primitive trans-
lation vectors of the fcc Bravais lattice. dµ gives the po-
sition of the spins within a tetrahedron and Ncell denotes
the total number of unit cells which is equal to N/4, with
N being the total number of spins. With the geometry
shown in Fig. 12 above, the vectors dµ are given by
d1 = 1/4(−1,−1, 0)
d2 = 1/4(−1, 0,−1)
d3 = 1/4(0,−1,−1)
d4 = 0. (24)
Eq. 23 can be rewritten as S(q) = 〈F (q)F ∗(q)〉, in
which F (q) is given by
F (q) =
Ncell∑
i=1
4∑
µ=1
(
Si,µ − (Si,µ · q)
(q · q) q
)
exp
[
iq·(Ti+dµ)
]
.
(25)
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In the case of long range AIAO ordering, in which all
the tetrahedra have the same spin configuration, i.e
S1 =
1√
3
(1, 1,−1)
S2 =
1√
3
(1,−1, 1)
S3 =
1√
3
(−1, 1, 1)
S4 =
1√
3
(−1,−1,−1), (26)
we have F (q) = Ncellf(q)δq,G, where G = 2π(h, k, l)
(with h, k, l being integer) denotes the fcc reciprocal lat-
tice vectors and f(q) is the unit cell magnetic form factor
defined as
f(q) =
4∑
µ=1
(
Sµ − (Sµ · q)
(q · q) q
)
exp
[
iq · dµ
]
. (27)
Then the Bragg peaks corresponding to AIAO ordering
are located at G, provided the form factor at that recip-
rocal lattice vector does not vanish. Few examples of the
Bragg peaks and values of their form factors are {G =
2π(2, 0, 2), f = 16/3)}, {G = 2π(2, 2, 0), f = 16/3)},
{G = 2π(2, 2, 4), f = 16/9)}, {G = 2π(3, 3,±1), f =
128/57)} and {G = 2π(1, 1, 3), f = 128/33)}. The rea-
son for the vanishing of f(G) at some reciprocal lattice
wave-vectors, e.g G = (2, 0, 0), (1, 1, 1), (3, 3, 3), is the
projector (1 − qq
q·q) in Eq. 27 which eliminates the scat-
tering intensity at these wave-vectors.
Fig. 14, illustrates the density plots of S(q) obtained
from MC simulations in a lattice of linear size L =
10, for some temperatures above Tc. The thermal av-
eraging has been done over 500 samples. This fig-
ure clearly represents the pinch-point structures of the
nearest-neighbor Heisenberg pyrochlore antiferromagnet
obtained by Zinkin et al. [11]. The location of the
pinch-points for T = 0.1 and T = 0.08 in [hhl] plane,
shown by arrows in right panel of Fig. 14, are at the
wave vectors (1, 1, 1), (1, 1, 3), (2, 2, 0), (3, 3, 3), (2, 2, 4).
The pinch-points in the [h0l] plane are located at
(2, 0, 0), (0, 0, 2), (2, 0, 4), (4, 0, 2).
Close to the transition temperature, the Bragg peaks
corresponding to AIAO ordering begin to grow, which as
expected are located at (2, 0, 2), (2, 2, 0), (2, 2, 4), (1, 1, 3)
and (3, 3,±1) in Fig. 14. Some of these points, e.g
(2, 2, 0), (2, 2, 4), (1, 1, 3), (3, 3, 1) indicated by solid ar-
rows in right panels of Fig. 14 correspond to the pinch-
points at T > Tc, which flare up in intensity upon cool-
ing down toward Tc and which finally form the Bragg
peaks at T < Tc. This is while the other pinch-points, i.e
(1, 1, 1), (3, 3, 3) indicated by dashed arrows in the right
panels of Fig. 14, remain as diffuse peaks upon crossing
the transition. It turns out that these are reciprocal lat-
tice vectors for which one would expect Bragg peaks if
there were long range coplanar nematic order.
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FIG. 14: Density plot of neutron structure function S(q) obtained by Monte Carlo simulations on the pyrochlore lattice of
linear size L = 10 in the (Left column) [h0l] and (Right column) [hhl] planes at the temperatures T/J1 = 0.1, 0.08, 0.07, 0.06.
Note that the intensity scale (right color bar) evolves as T approaches Tc. The arrows in the top panels, display the location
of the pinch-points at T = 0.1, 0.08
